BOOTSTRAP REGULARITY 
FOR INTEGRO-DIFFERENTIAL OPERATORS 
AND ITS APPLICATION 
TO NONLOCAL MINIMAL SURFACES 
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Abstract. We prove that C^'" s-minimal surfaces are automatically C°°. 
For this, we develop a new bootstrap regularity theory for solutions of integro- 
differential equations of very general type, which we believe is of independent 
interest. 
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1. Introduction 

Motivated by the structure of interphases arising in phase transition models with 
long range interactions, in W the authors introduced a nonlocal version of minimal 
surfaces. These objects are obtained by minimizing a "nonlocal perimeter" inside 
a fixed domain il: fix s e (0, 1), and given two sets A,Bc M", let us define the 
interaction term 

LiA,B):= ' I " 



The nonlocal perimeter of E inside il is defined as 

Per(£;, n, s) := L{Er\VL, {'ifE)r\n)+L{Enn, {'rfE)r]{'fn))+L{{'^E)r\n, Eni'fn)), 
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where '£E :— M" \ E denotes the complement of E. Then nonlocal (s-)mimmal 
surfaces correspond to minimizers of the above functional with the "boundary con- 
dition" that E n ("^ri) is prescribed. 

It is proved in |4] that "flat s-minimal surface" are C^'" for all a < s, and 
in [9l [U [10] that, as s — > 1^, the s-minimal surfaces approach the classical ones, 
both in a geometric sense and in a F-convergence framework, with uniform estimates 
as s ^ 1~. In particular, when s is sufficiently close to 1, they inherit some nice 
regularity properties from the classical minimal surfaces (see also [HI [HI [H] for 
the relation between s-minimal surfaces and the interfaces of some phase transition 
equations driven by the fractional Laplacian). 

On the other hand, all the previous literature only focused on the C"'^'" regularity, 
and higher regularity was left as an open problem. In this paper we address this 
issue, and we prove that C^'" s-minimal surfaces are indeed C°°, according to the 
following resullQ: 

Theorem 1. Let s G (0, 1), and dE he a s-minimal surface in Kn for some R > 0. 
Assume that 

dEr\KR = {{x', xn) : x' G B'^-^ and Xn = u{x')} (1) 
for some u £ C^'°'{B^^^) for any a < s, with u(0) = 0. Then 

u e [B'^p-^) Vpe(0,i?), 

and for any k G N we have 

IMciBr') ^ C{s,n,k,p,R). (2) 

The regularity result of Theorem [T] combined with [4J Theorem 6.1] and [TOl 
Theorems 1, 3, 4, 5], implies also the following results (here and in the sequel, 
{ei, 62, . . . , e„} denotes the standard Euclidean basis): 

Corollary 2. Fix Sq G (0, 1). Let s G (sq, 1) and dE be a s-minimal surface in B^ 
for some R > 0. There exists > 0, possibly depending on n, So and a, hut 
independent of s and R, such that if 

dEHBiiC {\x-en\ < e^R} 

then dE n -B/f/2 is a C°° -graph in the e^-direction. 

Corollary 3. There exists to £ (0, 1) such that if s G (1 — eo, 1), then: 

• If n i^7, any s-minimal surface is of class C'°° ; 

• Ifn = 8, any s-minimal surface is of class C°° except, at most, at countably 
many isolated points. 

More generally, in any dimension n there exists e„ G (0, 1) such that if s G (1 — e„, 1) 
then any s-minimal surface is of class C'°° outside a closed set S of Hausdorff 
dimension n — 8. 

^ Here and in the sequel, we write x G R" as x = (x' , x„) G R""-"- x R. Moreover, given r > 
and p G R" , we define 

Kr{p) := {x G M" : \x' -p'\ <r and \xn - p„| < r}. 
As usual, Br{p) denotes the Euclidean ball of radius r centered at p. Given p' G IR"~^, we set 

B;'-1(p') — {x' GR"-^ : \x'-p'\<r}. 
We also use the notation Kr := Kr{0), B,- := Br(0), B?"^ := B?"^(0). 
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Also, Theorem [T] here combined with Corollary 1 in ^5] gives the following 
regularity result in the plane: 

Corollary 4. Let n — 2. Then, for any s G (0, 1), any s-minimal surface is a 
smooth curve of class C°° . 

In order to prove Theorem [T] we establish in fact a very general result about 
the regularity of integro-difFerential equations, which we believe is of independent 
interest. 

For this, we consider a kernel K — K{x, w) : R" x (]R"\{0}) — (0, +oo) satisfying 
some general structural assumptions. In the following, a € (1,2). 

First of all, we suppose that K is close to an autonomous kernel of fractional 
Laplacian type, namely 

f there exist ao G L°°(R") n Ci(M" \ {0}), co,Co,ro > 0, and rj G (0,co/4), 
such that 
ao{w) ^ Co, 

\w\"+''K{x,w) . . . , . (3) 



2 - cr 



aa{w) 
Vw G 



s;r; Va: G Si, u; G S,„ \{0}, 
M"\{0}. 



IVaoHl =^ 

Moreover, we assume tha10 

' there exist fc G N U {0} and Ck > such that 
KeC''+\Bi X (R"\{0})), 

Ck 



(4) 



|ti+o-+ 



VAi,6iGN", lAil + l^*! s; fc + 1, t« gR"\{0}. 
Our main result is a "Schauder regularity theory" for solution£0 of an integro- 



differential equation. Here and in the sequel we use the notation 
du{x, w) := u{x + w) + u{x — w) — 2u{x). 



(5) 



Theorem 5. Let G (1, 2), fc G N U {0}, and u G L°°(M") be a viscosity solution 
of the equation 



K{x, w) 5u{x, w)dw — f{x, u{x)) inside Bi, 



(6) 



with f G C'^+H-Bi X K)- Assume that K : Bi x {W \ {0}) ^ (0,+oo) satisfies 
assumptions ([3]) and ^ for the same value of k. 

Then, if rj in ([3]) is sufficiently small (the smallness being independent ofk), we 
have u G C'''+'^+"(i?i/2) for any a < 1, and 

ll"llc^+-+°(Si/,) C{1 + ||u||ioo(R„) + ||/||l-(Bixr)), (7) 



Observe that we use | ■ | both to denote the Euchdcan norm of a vector and, for a multi-index 
case a = {a\ , . . . , an) G N", to denote |a| := a\ + ■ ■ ■ + an- However, the meaning of | • | will 
always be clear from the context. 

■^We adopt the notion of viscosity solution used in [S] [6] [J • 
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wher^ C > depends only on n, a, k, Ck and ||/||c'=+i(BixR)- 

Let us notice that, since the right hand side in ^ depends on u, there is no 
uniqueness for such an equation. In particular it is not enough for us to prove 
a-priori estimates for smooth solutions and then argue by approximation, since we 
do not know if our solution can be obtained as a limit of smooth solution. 

We also note that, if in ^ one replaces the C'^'^^ -regularity of K with the 
C'^'^-assumption 

lia^fa:if(,z.)lbo,.(^,)<^-pg^, (8) 

for all + \9\ ^ k, then we obtain the following: 

Theorem 6. Let cr e (1, 2), fc e N U {0}, and u e i°°(R") he a viscosity solution 
of equation ^ with f £ C'''^ {Bi x M) . Assume that ii" : Bi x (M" \ {0}) -J> (0, +oo) 
satisfies assumptions ([3]) and ([8]) for the same value ofk. 

Then, if rj in ^ is sufficiently small (the smallness being independent ofk), we 
have u G C'^+°'+"(i?i/2) for any a < /3, and 

||u||c'' + -+°(i3i/2) C{1 + ||u||l~(R") + ||/||l~(BixR)), 

where C > depends only on n, a, k, Ck and ||/||c'=-'3(Bi xR) • 

The proof of Theorem[6]is essentially the same as the one of Theorem[5l the only 
difference being that instead of differentiating the equations (see for instance the 
argument in Section [2^ one should use incremental quotients. Although this does 
not introduce any major additional difficulties, it makes the proofs longer and more 
tedious. Hence, since the proof of Theorem [5] already contains all the main ideas 
to prove also Theorem |6l we will show the details of the proof only for Theorem [5] 

The paper is organized as follows: in the next section we prove Theorem [5l and 
then in Section |3] we write the fractional minimal surface equation in a suitable 
form so that we can apply Theorems [S] and [5] to prove Theorem [T] 

Acknowledgements: We wish to thank Guido De Philippis and Francesco Maggi 
for stimulating our interest in this problem. We also thank Guido De Philippis 
for a careful reading of a preliminary version of our manuscript. BB was partially 
supported by Spanish Grant MTM2010-16518. AF was partially supported by NSF 
Grant DMS-0969962. EV was partially supported by ERG Grant 277749 and FIRB 
Grant A&B. 

2. Proof of Theorem [3 

The core in the proof of Theorem [5] is the step fc = 0, which will be proved in 
several steps. 

2.1. Toolbox. We collect here some preliminary observations on scaled Holder 
norms, covering arguments, and differentiation of integrals that will play an im- 
portant role in the proof of Theorem [S] This material is mainly technical, and the 
expert reader may go directly to Section 12.21 at page [TUl 



As customary, when a + a g (li2) (resp. a + a > 2), by JT} we mean that u € 
C'=+l'°"+"-i(Bi/2) (resp. u g C'=+2''^+"-i(Bi/2)). (To avoid any issue, we will always im- 
plicitly assume that a is chosen different from 2 — cr, so that cr -f a ^ 2.) 
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2.1.1. Scaled Holder norms and coverings. Given m G N, a G (0,1), x G M", 
and r > 0, we define tlie C"*'"-norm of a function u in Br{x) as 

Mc"^'"{Br(x)) ■■= 2^ \\D^u\\L^^Br{x))+ 2^ sup r— . 

For our purposes it is also convenient to look at the following classical rescaled 
version of the norm: 

m 

J=0 |7|=J 

m+cy ID-^uly) - Diu(z)\ 
+ > r"+" sup ■ 

I , y^zeB^ix) \y-zr 

\'Y\=m ~- , 

This scaled norm behaves nicely under covering, as the next observation points out: 

Lemma 7. Let m G N, a G (0, 1), p > 0, and x G M". Suppose thai Bp{x) is cov- 
ered by finitely many balls {-Bp/ioo(2;fc)}feLi- Then, there exists Co > 0, depending 
only on m, such that 

N 
fc=l 

Proof. We first observe that, if j G {0, . . . , m} and |7| = j, 

3p/w(xk)) 

< 10'"Ell"llc-»(B./,o(x.))- 
fe=l 

Now, let I7I = m: we claim that 



< 10™^(p/10)^||DTu|U«(s, 
fe=i 

JV 



To check this, we take y,z € Bp{x) with y ^ z and we distinguish two cases. 
If |y — z[ ^ p/100 we choose fco G {1, . . . , N} such that y G -Bp/ 100 (xfc^). Then \z — 
I < 1^; - y| + |y - a;fe<, I < p/50, which implies y,z & Bp/io{xkJ, therefore 

\DMy)-DMz)\ \D''u{y)-D'^u{z)\ 
<- in™+«|L,||* 



N 
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Conversely, if \y — z\ > p/lOO, recalling that a G (0, 1) we have 

N 

< 2.100V"Ell^^"IU-(5./.o(..)) 
fc=i 

N 
k=l 

This proves the claim and concludes the proof. □ 

Scaled norms behave also nicely in order to go from local to global bounds, as 
the next result shows: 

Lemma 8. Let m G N, a G (0, 1), and u G C™'"(i?i). Suppose that for any e > 
there exists > such that, for any x E Bi and any r G (0, 1 — we have 

hllc".-(B,-/8(i^)) =^ + e||w|lc".°(S5./6W)- 

Then there exist constants Eq, C > 0, depending only on n, m, and a, such that 

ll"llc'"-(Bi/8) < C'A,^. 
Proof. First of all we observe that 

ll"llc'". = (B,v8W) ^ hllc"-(S,/s(a:)) ^ ll"llc'"- = (Bi) 

because r G (0, 1), which implies that 

Q sup ||w|Ic".°(Bw8(:e)) < 

re(o,i-|x|] 

We now use a covering argument: fixed any x £ Bi and any r G (0, 1 — we cover 
Br/8{x) with finitely many balls {Br/80o{^k)}k=iJ with Xk G Br/s{x), for some N 
depending only on the dimension n. We now observe that 

kfcl + ^ Ixfe - a:| + + ^ s; ^ + |x| + ^ < r + l^l s; 1. 
Hence we can use ^ (with x = Xk and r scaled to r/10) to obtain 

Then, using Lemma [7] with p := r/8, we get 

N 



l|wllc"".°(B,/8(x)) ^ '^"X! ll"llc-".°(B,v8o(:r*.)) 

fe=l 

N 



^ CoNK + CoeY,\W 



C".°(B,/i2(a:fc)) 
k=l 



=^ CoNK, + eCoNQ. 
Recalling the definition of Q this implies 

Q < CoNA, + eCoNQ, 
so that, by choosing ■— l/{2CoN), 

Q 2CoiVA,„. 
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Thus we have proved that 

ll"llc'"^=(B„/s(.)) < 2Co7VA,„ Vx e Bi, r G (0, 1 - \x\], 

and the deshed result follows setting a; = and r — 1. □ 

2.1.2. Differentiating integral functions. In the proof of Theoreni[S] we will need to 
differentiate, under the integral sign, smooth functions that are either supported 
near the origin or far from it. This purpose will be accomplished in Lemmata 1111 
and[T^ after some technical bounds that are needed to use the Dominated Conver- 
gence Theorem. 

Recall the notation in ([5]). 

Lemma 9. Let r > r' > 0, v e C^{Br), x e Br', h eR with \h\ < {r ~ r')/2. 
Then, for any w G M" with \w\ < (r — r')/2, we have 

\5v{x + hei,w) — 6v{x,w)\ ^ \h\ |w|^||u||c3(b^)- 

Proof. Fixed x e Br' and \w\ < (r — r')/2, for any h G [(r' — r)/2, (r — r')/2] we 
set g{h) v{x + hei + w) + v{x + hei ~ w) — 2v{x + hei). Then 

\g{h)^gm ^ \h\ sup \g'm 

\i\^\h\ 

^\h\ sup \dxv[x + S^ei + w) + div{x + S^ei — w) — 2div{x + £^ei)\. 
\i\<\h\ 

Noticing that \x + ^ei ± it;| ^ r' + \h\ + |w| < r, a second order Taylor expansion 
of div with respect to the variable w gives 

\div{x + ^ei +w) + div{x + ^ei - w) - 2div{x + ^ei)| < \w\'^\\div\\c2(B^)- (10) 

Therefore 

\Sv{x + hei,w)-6vix,w)\ = \g{h) - g{0)\ \h\\w\^\\v\\c3iBr), 
as desired. □ 
Lemma 10. Let r > r' > 0, v e W^i^°°(R"), heR. Then, for any w G M", 
\Sv{x + hei,w) ~ Sv{x,w)\ ^ 4|/i|||Vt;||i,<»(R,i). 

Proof. It sufficed to proceed as in the proof of Lemma [TUl but replacing (|10p with 
the following estimate: 

\div{x + ^ei +w) + div{x + ^ei - w) - 2div{x + ^ei)| < 4||5iw||ioo(ji.„). 

□ 

Lemma 11. Let f G N, r G (0,2), K satisfy @, and U G (7^+^(5^). Let 7 = 
(71, . . . ,7„) G N" with I7I f s; fc + 1. Then 

82 / K{x,w) SU{x,w) dw — / d2[K{x,w) SU{x,w)] dw 




d^K{x, w) 5{d2-^U){x, w) dw 



X = (Xl,...,X„) 



for any x £ Br. 
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Proof. The latter equality follows from the standard product derivation formula, 
so we focus on the proof of the first identity. The proof is by induction over |7|. 
If I7I = the result is trivially true, so we consider the inductive step. We take x 
with r' := |a;| < r, we suppose that I7I ^ ^ — 1 and, by inductive hypothesis, we 
know that 



g^{x) :— &]. I K{x,'w) SU{x,w) dw = / 6{x,w)dw 
Jr" Jr" 

with 

eix,w):^ J2 (l'Y..(l')d^Kix,w)S{d2-^u){x,w)dw. 



A = (Ai ,...,A„) 



(14) 



By Q, if < \h\ < (r-r')/2 then 

\d^K{x + hei,w) ~ d^K{x,w)\ s: Cix\+i\h\ jwr"""". (12) 
Moreover, if \w\ < (r — r')/2, we can apply LemmalHlwith v dJ^^U and obtain 
\5{d2-^U){x + hei,w)-5{d2~^U){x,w)\ ^ \h\ \w\^\\U\\c\.-xH.(^B^y (13) 
On the other hand, by Lemma [TOl we obtain 

\5{d2-'^U){x + he,,w)-5{d2~>^U){x,w)\ ^ 4 ||5r^t/l|ci(R.). 
All in all, 

\5{dZ-^U){x + hei,w) - S{d2'^U){x, w)\ 
^ \h\ ||C/||ciT-A|+3(R„) min{4, 
Analogously, a simple Taylor expansion provides also the bound 

\Sid2-^U){x,w)\ ^ ||C/||ci.-A|+2(R„)min{4,|u;|2}. (15) 
Hence, Q, (HI]), (HH), and (HI]) give 

\d^K{x + hei, w) 5{d2^^U){x + hei,w) - d^K{x, w) S{d2^^U){x, w)\ 
< \d^K{x + hei, w) [6{d2'^U){x + hei,w) - 5{d2'^U){x, w)] \ 

+ 1 [d^K{x + hei,w) - d^K{x, w)] S{d2'^U){x, w)\ 
SC Ci|/i| min{|u;|-"-'^,|u;p-"-^}, 
with Ci > depending only on £, Ci and ||C/||c'f+2(j{n'). As a consequence, 

\e{x + hei,w) ~e{x,w)\ s; C2\h\ mm{\w\~"-'',\w\^-"~''}, 
and, by the Dominated Convergence Theorem, we get 

, , f e{x + hei,w) - 9{x,w) 
Oxitl{x,w) aw — lim / aw 

h^o Jk„ h 

^ g.y{x + hei) - g-fjx) 

h^o h 
= dj,,gj{x), 

which proves ([Tl]) with 7 replaced by 7 + ei. Analogously one could prove the same 
result with 7 replaced by 7 + e^, concluding the inductive step. □ 

The differentiation under the integral sign in (1111) may also be obtained under 
slightly different assumptions, as next result points out: 
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Lemma 12. Let £ e R > r > 0. Let U E C'^+\W') with U ^ in Br. 
Let 7 — (71, . . . , 7„) G N" with \^\ ^ £. Then (llip /loZds true for any x E Br- 

Proof. If x G Br, w G -B(_R-r)/2 E^nd ^ (i? — r)/2, we have that |j: + w + /iei| < 
and so SU{x + hei, w) ~ 0. In particular 

6U{x + hei,w) — SU {x, w) = 

for small h when w G i?(fl-r)/2- This formula replaces ()13p . and the rest of the 
proof goes on as the one of Lemma [TTJ □ 

2.1.3. Integral computations. Here we collect some integral computations which will 
be used in the proof of Theorem [SJ 

Lemma 13. Let v : R" — > R 6e smooth and with all its derivatives bounded. Let 
X G Bi/4, and 7, A G N", with 7^ ^ Xi for any i G {1, . . . , n}. Then there exists a 
constant C > 0, depending only on n and a, such that 



d^K{x, w) d{d2~''v){x, w) dw 



< C"C|^| ||w||c|^-A|+2(R„). 



Furthermore, if 
we have 



V = in Bi/2 

d^K{x, w) S{d2'^v){x, w) dw 
Proof By Q and (HSJ (with C/ = w), 



^c'q^i \\vh 



(16) 

(17) 
(18) 



d^K{x,w)\ 6{d2^\){x,w) 



dw 



-n-a+2 



+ 4||u||ci^-A|(R„) / \w\ 

\B2 



dw 



which proves ([TS]). 

We now prove (IT8| . For this we notice that, thanks to ([T7|. u(x + u') and ti(a; — w) 
(and also their derivatives) are equal to zero if x and w lie in i?i/4. Hence, by an 
integration by parts we see that 



d^K{x, w) 6{d2~^v){x, w) dw 
d^K{x, w) d2j^^ \v{;x + w) — v{x — w)] dw 

d^K{x, w) d^j"^ [v{x + w) ~ v{x — w)] dw 

9x92r^K{x, w) \y{x + w) — v{x — w)\ dw. 
Consequently, by (|H), 

d^K{x, w) d{d2'^v)ix, w) dw 



'\-Bl/4 

= (-1)1-'-^! 



s$ 2q^| \\v 



Iwl-'^-'^-^^-^Uw, 



1/4 
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proving (fT8|) 



□ 



2.2. Approximation by nicer kernels. In what foUows, it wih be convenient to 
approximate the solution u of ([5]) with smooth functions obtained by solving 
equations similar to ([B]), but with kernels which coincide with the fractional 
Laplacian in a neighborhood of the origin. Indeed, this will allow us to work with 
smooth functions, ensuring that in our computations all integrals converge. We will 
then prove uniform estimates on w^, which will give the desired C"^^" -bound on u 
by letting e — > 0. 



Let 77 G C°°(K") satisfy 

1 in Bi/2, 
inM"\S3/4, 

and for any e,(5 > set rj^{w) := vi^) fo^' any e > 0, f]s{x) := S^''^ri{x/S). Then 
we define ^ 

K,{x,'w) := r],{w) + (1 - Ve{w))K,{x,w), 



where 
and 



Kei^j '■— K{x, w) * 1 7/^2 {x)'fi^2 (w) 



L^v(x) 



K^{x, w) 6v{x, w)dw. 



(19) 
(20) 
(21) 
(22) 



(23) 



We also define 

fe{x) := f{x,u{x)) * f]e{x). 

Note that we get a family G C°°{Bi) such that 

lim fe — f uniformly in -B3/4. 

e-s-0+ ' 

Finally, we define G L°°(R") n C(R") as the unique solution to the following 
linear problem: 

LeUe = fe{x) 

u,^u in R" \ B3/4 

We observe that, since K satisfies assumption ^ with fc = 0, and the convolution 
parameter in (|19p is much smaller than e the operators converge to the 
operator associated to K in the weak sense introduced in [6] Definition 22]. Indeed, 
let V a smooth function that satisfies 

\v{w) - v{x) - {w - x) - Vv^x)] ^ M\x-'w\'^, w G Bi{x), M > and \v\ < M in R". 

(24) 

Then, from Q and (HH), it follows that 

Ve{w) ^^ri+a + " r],{uj)){K {x , w) * fl,2 {x)fl,2 {w)) - K {x , w) 

K{x,w) + (1 — {uj)) K{x, w) * 7)^2 {x)f]^2 (w) — K{x, w) 



\Sv{x, w)\dw 



,\n+a 



X \Sv{x,w)\dw 



+ / \K{x,w) * ri^2{x)ri^2{'w) ~ K{x,w)\\5v{x,w)\d'w 



(25) 
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with 

I ■= \K{x,w) * fi^2(x)fi,,2('w) — K{x,w)\\6v{x,w)\dw. 
By ([4]), ([21]) and the fact that ti > 1, we have that 

\K{x — y,w — w)e^*"'ri(-^j ~2 ) ~ K{x,w) \ dy dw \5v{x, w) \ dw 

\K{x — e^y^w — w)'q{y)'q{w) — K{x,w)\ dy dw \5v{x,w)\ dw 



I't^B, JBi JBi 

f f 

< C / 1 — ; — T-, — dw + C -. — ; — -n — dw 

Therefore, by (^5]) . we get 
2 - cr 

Ve{w) + (1 - Ve{i^)){K{x, w) * 77^2 {x)fi^2 {w)) - K{x, w) 

where C depends of AI and cr. As cr < 2 we conclude that 

- L\\ Ojwhen e 0. 

Repeating almost verbatin^ the proof of [6] Lemma 7] , we easily deduce the uniform 
convergence 

Ue^u on M" (27) 



(5u(a::, w)dw ^ Ce 



2-cr 



^In order to repeat the argument in the proof of Lemma 7] one needs to know that the 
functions are equicontinuous, which is a consequence of [51 Lemma 3]. To be precise, to apply 
[B] Lemma 3] one would need the kernels to satisfy the bounds „ ^ Kt,{x,w) ^ ^'^^n-lt 

all w 0, while in our case the kernel K (and so also K^) satisfies 

VI.K^o (26) 

with A := Co — ??, A := ||ao ||£,oc (gnj + rj, and ro > (observe that, by our assumptions in ||3]l, 
A > 3co/4). 

However this is not a big problem: if f G L°°(R") satisfies 

/ Kt{x,w) Sv{x,w) dw = f{x) in 53/4 

for some kernel satisfying ^ K,{x,w) only for |ui| ro, we define K'{x,w) : = 

C{w)Kf{x,w) + (2 — cr) |^,|1^4"i , with C, a smooth cut-off function supported inside -Bro, to get 

I K' {x,w) Sv(x, w) dw = f(x) + f [1 ~ <^(w)] ( Kf(x,w) ~\ ■ — ) 6v(x,w)dw. 

Since 1 — = near the origin, the second integral is uniformly bounded as a function of x, 

so [6] Lemma 3] applied to K' gives the desired equicontinuity. 
Finally, the uniqueness for the boundary problem 

{/u„ K{x, w) Sv{x, w) dw = f{x, u{x)) in -B3/4, 

v = u inIR"\_B3/4. 

follows by a standard comparison principle argument (see for instance the argument used in the 
proof of i2, Theorem 3.2]). 
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as £ — S> 0. 

2.3. Smoothness of the approximate solutions. We prove now that the func- 
tions We defined in the previous section are of class C°° inside a small ball (whose 
size is uniform with respect to e): namely, there exists r £ (0,1/4) such that, for 
any m e N" 

P"«e||L="(i3.) < C (28) 

for some positive constant C = C{m,a,e, \\,f\\L°°{Bix«))- 
For this, given x e i?i/4 we observe that by ([T9|) 

Ke{x,w) - {1 - ■r]^{wj)k^{x,w) + {I - %{w)) 



so 



|-^(-A)^/^.,(.) . l^^Su^Mdw 



Se{x)- / [l - ■qe{w))Ke{x,w)5u^{x,w)dw 
2-0- 

(1 - Tle{w)) , ,„ , ^ 5Ue{x, W)dw 



(here Cn,(T is the positive constant that appears in the definition of the fractional 
Laplacian, see e.g. [El [11]). Then, for any x £ i?i/4 it follows that 

(-A)'^/2w,(x) 

= dn,afe{x)+J {1 - %{w)) (^^-^^ - K^{x , w)^ Su^ix , w)dw 

=■■ d^^Meix) + K{x)] (29) 

= : dn,a9e{x)- 
with dn^cr ■= TT^- 

I — a 

Making some changes of variables we can rewrite as follows: 

heix) = J (1 - %(w - ■'^))( ^1^+^ - Keix,W- x)'jueiw)dw 

(1 - r],{x - ^))( |^^^^|n+<T ^ i^e(a;,a; - w))ue(w)du; 

- 2zi,(a:)^Jl-r;,(u;))(^^-i^,(x,u;))du;. (30) 

We now notice that "the function is locally as smooth as u^" , is the sense that 
for any m G N and U C B1/4 open we have 

\\he\\c^(U)^Cm{l + \K\\c^.^U)) (31) 

for some Cm > 0. To see this observe that, in the first two integrals, the variable 
X appears only inside and in the kernel K^, and % is equal to 1 near the origin. 
Hence the first two integrals are smooth functions of x (recall that Kg is smooth, 
see (PU)) ). The third term is clearly as regular as Ue because the third integral is 
smooth by the same reason as before. This proves (l5Tt . 

We are now going to prove that the functions Ue belong to C°°{Bi/^), with 

l|u£llc'"(Bi/4-.„) < C'(ri,m,s,e, l|u£l|ioo(R„), ||/||i=e(B^xK)) (32) 
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for any m £ N, where ri :— 1/100 and ■— 2rm_i + r^_i- 

To show this, we begin by observing that, since a G (1,2), by (f29|) . ([3T|) . and 
[i Theorem 61], we have that u, e L°°(R") n C^'/^ {Bj^/i_^^) for any /3 < cr - 1 
(n = 1/100), and 



lke||ci.^(S,/,_.J < C'(||«,|U»(R„) + IIMI 



L°°(BiXl[ 



(33) 



Now, to get a bound on higher derivatives, the idea would be to differentiate 
and use again (j31[) and 6, Theorem 61]. However we do not have bounds on the 
function outside -Bi/4-rii smd therefore we can not apply directly this strategy 
to obtain the C^'" regularity of the function u^. 

To avoid this problem we follow the localization argument in j5j Theorem 13.1]: 
we consider a smooth cut-ofF function 

^0 onM"\Si/4_^^, 



and for fixed e E S" ^ and \h\ < ri/16 we define 

u^{x + eh) - u^{x) 

V{X) := i^^^i , X e «l/4-17ri/16- 



(34) 



We write v{x) — vi{x) + V2{x), being 

, , "dueix + eh) — 'dui;(x) , , , (1 — i?)ue(x + e/i) — (1 — i9)ue(x) 
v,ix):^ IK\ ^^(^)^= H ■ 

By (|33|) it is clear that 

vi e L°°{W) 

and that (recall that \h\ < 7-1/16) 

vi = V inside -Bi/4-7ri/4- (35) 
Moreover, for a; G i?i/4-7ri/4, using (P^ . and (PT|) we get 



{-A)^/\i{x) = i-A)^/\{x)-i-A)^/\2ix) 



geix + eh) - ge{x) 



\h\ 



(-A)'^/2«2(a:) 



^ C 



(36) 



Now, let us denote by Ko{y) :— the kernel of the fractional Laplacian. Since 

for X e Bi/4-7ri/4 and |^| < ri/16 we have that (1 — ■d)ue{x ± ^) =0, it follows 
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from a change of variable that 



\{-^Y/\2{x)\ 



{v2[x + v) + V2{x -y) - 2v2{x)) Ko{y)dy 
(1 - d)u^{x + 2/ + e/i) - (1 - d)u^{x + y) 



Ko{y)dy 



+ 



(1 - d)ue{x -y + eh)-{l- d)ue{x ~ y) 



{l-d)We\{x + y) 
+ / {I - ^)\u,\{x - y) 

II'"£||l°=(r") 



\h\ 

Ko{y - eh) - Ko{y) 



Ko{y)dy 



\h\ 



dy 



Ko{y - eh) - Ko{y) 



\h\ 



dy 



^ C||We||i=o(R,x). 

Therefore, by (|36p we obtain 

\i-A)^/\,ix)\ ^ C{l + ||u,||ci(Bi/,_„J + l|Ue||L-(K")), X G B1/4 - 7ri/4, 

and we can apply Theorem 61] to get that vi £ C^'^(i3i/4_r2) fo'' P < cr — 1, 
with 

lkl|lci>3(Bi/4-.2) ^ + lkl|U-(R") + l|We||ci(Si/4-n) + l|We||L-(R")), 

for r2 := 2/100+ (l/lOO)^ > 7ri/4. By and this implies that 

U, e C2''3(Bi/4_^J, with 

l|w£||c2,/3(Bi/4-.2) ^ C^l + ||Ue||ci(i3i/4-.i) + ll"elU~(R")) 

Iterating this argument we finally obtain (j32p . as desired. 



2.4. Uniform estimates and conclusion of the proof for fc = 0. Knowing 
now that the functions defined by (|23[) are smooth, our goal is to obtain a-priori 
bounds independent of e. 

By f6', Theorem 61] appliec0 to u, we have that u S C^-^ [Bi-r^ ) for any /? < cr — 1 
and i?i > 0, with 

l|w||ci'f(Bi_Rj C'(I|u||l~(R") + II/IIl~(SixR))- (37) 

Let r2 be as in (15^ . Then, for any e sufficiently small, recalling p7p . we observe 
with 



that /e e Cl(S(5/8)+r2J 

ll/e|lci(B„/3, + ,.)^^'(l + ll"llci(B,-„j) 
<C'C (l + ||u|Uoe(„„) + |l/|lioo(B^xR 

where C" > depends on ||/||ci(Bi xR) only 



(38) 



^As already observed in the footnote on page llll the fact that the kernel satisfies II26I I only for 
w small is not a problem, and one can easily check that j6j Theorem 61] still holds in our setting. 
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Then, recalling (|23|) . we write the equation satisfied by Ue as 
Js{x) ^ I K^{x,w)5{r]Ue){x,w)dw + / Ke{x,w) 6{{1 ~ ri)ue){x,w)dw, 
and by differentiating it, say in direction ei, we obtain (recall Lemmata II II and I12p 

dxifsix) = [ Ke{x,w)5{dx^{riUe)){x,w)dw 

d^^ [K^{x,w)6{{l ~ rj)u^){x,w)]dw 

+ J dxiK^{x,w)6{riu^){x,w)dw 
for any x G -B(5/8)_|_r2- It is convenient to rewrite this equation as 
Ks{x,w)S{dxA'>lUe))ix,w)dw ^ Ai - A2- A3, 



with 



dxiK^{x, w)5(r]u^){x, w)dw 



(39) 



Ai : 
A2 : 

A3 := / dxi[Ks{x,w)S{{l - r])ue){x,w)]dw. 

We claim that 

\\Al ~ A2- A3|U-(S(5/8) + ,,) C{1 + ||u||ioc(R„) + ||Ue||c2(B(i/8)_,3)) 

with C depending on ||/||ci(BixR)- Indeed, by ([55]) 

Pi||l-(B<,/3, + ,.,) ^^(1 + II"IU-(K"))' 

and by (fTB)) (used with 7 = A (1, 0, . . . , 0) and v :— jyug) 

P2||l-(B(5/s) + ,.2) ^ C'll"ellc2(B(i/8)-,.2)- 

Moreover, since (1 — ?/)ue = inside -B1/2, we can use (jlSp with w := (1 — ?7)ue 
to obtain 

9;j;ii4:e(a:,w)(5((l - ri)ue){x,w)dw 

K^{x, w) dxj^S{{l - ri)ue){x, w) dw 



which gives (note that, by an easy comparison principle, ||ue||ioo(Rii) ^ C(l + 

llw|U~(R"))) 

WAsh^iB^.snr,) ^ + l|w|U~(R"))- 
The above estimates imply ([55]) . 

Since dxiirjUe) is uniformly bounded on the whole of M" we can apply 
and Theorem 61] to obtain that dx^irju^) e C^''^(i3(5/g)+r2--R2) ^-^ly ^2 > 0, 
with 
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which imphes 

l|Ws||c^.3(Bi/s) ^ C{1 + ||u||l~(M") + ||Ue||c^(S(i/«)_,))- (40) 

To end the proof we need to reabsorb the C^-norm on the right hand side. To do 
this, we observe that by standard interpolation inequalities (see for instance |121 
Lemma 6.35]), for any 5 € (0, 1) there exists Cs > such that 

\\Ue\\c^B^,,s)-r^) ^ '^ll"£llc2,3(B(i/4)-.2) + C'5||We||L-(R")- (41) 

Hence, by (gO]) and (gll) we obtain 

\\Ue\\c-^ffiB,,s) ^ ^5(1 + II"IIl~(R")) + CS\\u4c-.,(^B^,,,,_^^)- (42) 

To conclude, one needs to apply the above estimates at every point inside Bi at 
every scale: for any a; S let r > be any radius such that Br{x) C Bi. Then 
we consider 

v^^iy) ■.= Ue{x + ry), (43) 

and we observe that ^ solves an analogous equation as the one solved by with 
the kernel given by 

Kl,{y,z) :=r"+-i^,(a; + ry,rz) 

and with right hand side 

Fs.r{y) / f{x + ry-x,u{x + Ty-x))fie{x)dx. 

JR" 

We now observe that the kernels K^^. satisfy the assumptions ([3|) and (jlj uniformly 
with respect to e, r, and x. Moreover, for |x| + r ^ 1/2 and e small enough, we 
have 

ll^.,.||cl(s,,/„+.J^;r'^C(l + ||^.||cl(B3/,)), 
with C > depending on ||/||ci(Bi xR) only. Hence, by (|37l) this implies 

\\Fe,r\\cKB,,,sHr,) ^ ^"^(^ + ll"IU~(R") + II/IIl~(Bi xR))- 

Thus, applying (|42p to ^ (by the discussion we just made, the constants are all 
independent of e, r, and x) and scaling back, we get 

\\^e\\*c^.lHB,^^six)) 

«C Cs{l + ||m||l-(r-) + I|/I|l=o(SixR)) + C''^II"e|lc2„8(i3^,,^/^)_,,^,(:r)) 
< Cs{l + ||m||l==(R") + ||/||l~(SixR)) + C!^\K\\c^.fi(B,,^e{x))- 

Using now Lemma [8] inside -B1/2 (with m ~ 2 and Kg — 6*^(1 + HitH^ao^R,!-) + 
II/IIl-(BixR))) we conclude 

l|We||c2./3(Si/i6) C{1 + ||M||ioo(R„) + ||/||l~(SixR)), 

which implies 

l|ullc2.3(Bi/i,) < ^(1 + ||u||ioo(R„) + |j/||Loo(B^xR)) 

by letting e — > (see ([221) )■ Since /3 < cr — 1, this is equivalent to 

l|w||c-+"(Bi/i6) =^ C{1 + ||m||l=o(R") + ||/||l~(SixR)), for any a < 1. 

A standard covering/rescaling argument completes the proof of Theorem [5] in the 
case fc = 0. 
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2.5. The induction argument. We already proved Theorem [5] in the case fc = 0. 
We now show by induction that 

Mc+^+'-iB^^^sk+i) =^ Ck{l + ||w||l-(R") + ||/||l~(SixR)), (44) 

for some constant Ck > 0: by a standard covering/rescaling argument, this proves ([7]) 
and so Theorem [H 

Assume pij) holds for k, and let us prove it for k + 1. 

Define g{x) := f{x,u{x)), and consider a cut-off function rj which is 1 inside 
^i/23fc+5 and outside Bi/23k+i. 

By Lemmata [Tl] and [T2] we differentiate the equation k times according to the 
following computation: first we observe that g e C''^^{Bi/23k+i) with 

llffllc^ + l(S,/,3. + 4) ^ (l + ll"llc^ + l(Bi/.3fc + 4)) (l + |k||c'= + -(S,/,3. + 4)) ' 

(45) 

with C > depending on \\f\\c''+^{Bixm) only. Now we take 7 e N" with I7I = k + 1 
and we differentiate the equation to obtain 

E (aI) lj^Kix,w)6id2-\vnmx,w)dw 

A = (Ai,...,A^) 

E (a!) • ■ • ( aI) I„ d^K{x,w) 5{d2-\l - v)u)ix,w) dw. 



A = (Ai,...,A„) 



Then, we isolate the term with A = in the first sum: 

K{x, w) S{d2{vu)){x, w) dw ^ Ai- A2- A3 



with 

Ai := d-'gix), 



A2 := E l^l^y.-l^l'^^ J^J^K{x,w)S{d2-\vu)){x,w)dw 

A = (Ai A„)^0 

A3 := (J^\y--(j;^^^ J^J^K{x,w)5{d2-\l-v)u){x,w)dw 

A = (Al,...,A„) 

We claim that 

\\Ai -A2- ^3||l~(b,/,3.+6) < C'(l + h|lL-(R'^) + ll"Ilc''+"+-(i3,/,3.+4))' (46) 
Indeed, by the fact that I7 — A| ^ fc we see that 

P2||L-(i3,/23*.+6) =^ Cfc ||77'u||c*,+<,+o(R„) 

^;cCfch||c.+.+.(B,,,3.+4)- ^^^^ 

Furthermore, since (1 — r])u — inside -B2/23fc+5 , we can use (jI8p with u ::= (1 — 77)14 
to obtain that 

ll^3l|L~(i3^/,3*=+6) ^ C'II"1U~(R")- 
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This last estimate, (j45|) . and (j47| allow us to conclude the validity of (j46|) . 
Now, by (|46l) and the case k — applied to d'].{-qu) we get 

||u||c-+'=+i+»(B,/,3.+7) «^ "^(l + ll"llc'= + -+°(B,/,3.+4) + I|w||l~(E"))- 

Hence, by (H^ we conclude that 
completing the proof of Theorem [S] 



3. Proof of Theorem [T] 

The idea of the proof is to write the fractional minimal surface equation in a 
suitable form so that we can apply Theorem [5l 

3.1. Writing the operator on the graph of u. The first step of our proof 
consists in writing the s- minimal surface functional in terms of the function u which 
(locally) parameterizes the boundary of a set E. More precisely, we assume that u 
parameterizes dE n Kn and that (without loss of generality) E n Kfi is contained 
in the ipograph of u. Moreover, since by assumption m(0) = and is of class C^'", 
up to rotating the system of coordinates (so that Vu(0) = 0) and reducing the size 
of R, we can also assume that 

dE n Kr c B'}^;^ X [-i?/8,i?/8]. (48) 

Let ip e C°° (M) be an even function satisfying 



1 if \t\ ^ 1/4, 
if 1^1 > 1/2, 



and define the smooth cut-off functions 

Cb{x') := ip{\x'\/R) mix) := ^{\x'\/ R)^i\xn\/ R). 

Observe that 

Cfl-1 inB^^^^l, Cr^O outside 5^72'' 

riR = l mKji/4, ?7fl. = outside iiTi^/z. 
We claim that, for any x e dE n B'^J^ x [-R/8, R/8], 

m{y - x) — . 7— dy 

\x — 

^ ' u{x' -w') -u{x') \ Cr{w') 



(49) 



where 
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Indeed, writing y — x ~ w we have (observe that rjji is even) 



\x - y\ 

I ^Xe{x-w)-X'^e{x-w) 



\w 



(50) 



R/4 



Xe{x -w) ~ X'^Eix ~ w) 



1 



{wn/\w'\y 



(n+s)/2 



dWn 



dw' 



\W' 



/\n+s ' 



where the last equahty follows from the fact that (p{\wn\/R) — 1 for |w„| ^ i?/4, 
and that by (|48)) and by symmetry the contributions of xe{x — w) and X'^Eix — w) 
outside {\wn\ ^ i?/4} cancel each other. 

We now compute the inner integral: using the change variable t := Wn/\w'\ we 
have 

rR/i 

■ dWn 



Xe{x - w) 



fl/4 



(n+s)/2 
1 



(n+s)/2 



dWn 



R/{i\w'\) 



(n+s)/2 



dt 



R 

A\w\' 



F 



"\ (1+t^ 
u{x') — u{x' — w') 



In the same way, 



fl/4 



X'igEix - w) 



{n+s)/2 



dWr, 



(l + {Wn/\w'\y 

u{x') — u{x' — w') 



\w 



F 



F 



R 



Therefore, since F is odd, we immediately get that 
"^^^ Xe{x ~ w) - X'ffEix - w) 

■ awn — 2|w li* 



{l + iwj\w'\)^) 



(n+s)/2 



u(x' — w') — u{x') 



which together with ([501) proves (j49| . 

Let us point out that to justify these computations in a pointwise fashion one 
would need u G C^'^(a;) (in the sense of [3l Definition 3.1]). However, by using the 
viscosity definition it is immediate to check that (|49|) holds in the viscosity sense 
(since one only needs to verify it at points where the graph of u can be touched 
with paraboloids). 



3.2. The right hand side of the equation. Let us define the function 

,T, / N /■ n / M XE{y) ~ x-^Eiy) , 



(51) 
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Since 1 — r]R{y — x) vanishes in a neighborhood of {x = y}, it is immediate to check 
that the function ibRiz) :— — r-r—: is of class C°°, with 

Hence, since 1/(1 + |z|"+") e ^^(M") we deduce that 

G C°°(M"), with ah its derivatives uniformly bounded. (52) 

3.3. An equation for u and conclusion. By [4l, Theorem 5.1] we have that the 
equation 

xsiy) - X'^Eiy) , „ 

holds in viscosity sense for any x e (dE) fl iiTfl. Consequently, by (|49|) and (fSTj) we 
deduce that u is a viscosity solution of 

^f u{x'-w')-uix') \ UW) ^ , ^r{x',u{x')) 

^1, M JkF^ ^ ^ ^ 

inside B^^. We would like to apply the regularity result from Theorem [6] (and 
then of Theorem O, by exploiting ([5^ to bound the right hand side of (|53l) . To 
this aim, using the Fundamental Theorem of Calculus, we rewrite the left hand side 
in ((55)) as 

(.(.--^o-^(^o) "^"'r:?ff^"'^ ^^^-, 



where 



(54) 



T.+ S 



a{x\^w'):= I jl + t' i uix'-w')-uixr . 



Now, we claim that 

5u{x', w') Kr{x', w') dw' = -^'fi(a;', u{x')) + Ar{x') (55) 



where 



, , [a{x',w') + a{x',-'w')]CR{w') 
^ ^= 2|^^|(n-i)+(i+.) 



and 

. / /X f r / / /N ,,[0(2:', w') — a(x', — w')lCfl(ii;') , , 

To prove (|55p we introduce a short-hand notation: we define 

u^{x',w') := u(a;'±i«') -u(x'), a^ix',w') := a{x' ,±w')CRiw')/\w'\''+' , 

while the integration over R"~^, possibly in the principal value sense, will be de- 
noted by /[•]. With this notation, and recalling ([54)) . it follows that (|53)) can be 
written 

-^=I[u-a-]. (56) 
Then, by changing w' with — w' in the integral given by /, we see that 

I[u+a+] = I[u-a-]. 
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Consequently, ([56|) can be rewritten as 

-^ = I[u+a+]. (57) 

Notice also that 

u'^ + u~ ~ 5u 
and so, by adding ([56]) and (|57)) . we conclude that 

I[u+a+]+ I[u-a-] 
= I[{u+ +u-)a+]- I[u~a+]+ I[u-a-] 
= I[5u a+] - I[u^a+] + I[u^a^] 
= I[Sua+]~ I[u-{a+ - a-)] 

and this proves ([55l) (notice that in the last integral we can add Vu{x') ■ w' to u~, 
since it integrates to zero). 

Now, to conclude the proof of Theorem [1] it suffices to apply Theorem [S] iter- 
atively: more precisely, let us start by assuming that u S C^'^{B2~^) for some 
r ^ R/2 and any (3 < s. Then, by the discussion above we get that u solves 

/ 6u{x',w')Kr{x',w')dw' = -^r{x',u{x')) + Ar{x) iuB^^-^ 

Moreover, one can easily check that the regularity of u implies that the assumptions 
of Theorem [6] are satisfied with a :— 1 + s and ao{w) := 1/(1 — s). (Observe that 
(IH) holds since ||u||c'i,3(5"-i')-) Furthermore, it is not difficult to check that, for 

\w'\ sc 1, 

\[uix' - w') ~ u{x') + Vu{x') ■ w'] [a{x',w') - a{x' , -w')] \ ^ C\w'\^'^+\ 

which implies that the integral is convergent by choosing /3 > s/2. Furthermore, a 
tedious computation (which we postpone to Subsection 13.41 below) shows that 

Ar e C^^-%Bl^-^). (58) 

Hence, by Theorem [6] with fc = we deduce that u G C^^^l^ (B^j'^^). But then this 
implies that Ar/i £ C^^^'iB'^J^) and so by Theorem [6] again u G C^^'^^ {B'^J^) for 
all /3 < s. Iterating this argument infinitely many timetQ and by a simple covering 
argument, we obtain that u is of class C°° inside Bp for any p < R. This completes 
the proof of Theorem [TJ 



■^Note that, once we know that Ij^H^j.^ „-i is bounded for some fc ^ 2 and /3 G (0, 1], for 
any I7I A; — 1 we get 

d^Arix) = J 82 {Hx' - w') - u{x') + Vu{x') ■ w'] [a{x',w') - a{x' , -w')]) p;j^ dw' , 

and exactly as in the case k = one shows that 

\d2{lu{x' -w') - u{x') + Vm(x') -w'] [a{x',w') - a{x' , -w')]) \ ^ C\w'\^f^+'^ y\w'\ s: 1, 
and that Ar € C'='2'^-^(B?"^). 
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3.4. Holder regularity of Ar. Wc now prove jSHl), i.e., if u e C^'^iB'^'-^) then 
Ar e C2'3-"(B;'-1) (r R/2). For this we introduce the following notation: 



and 



U{x' , w') := u{x' — w') — u{x') + Vu{x') ■ w' 

1 



Pit) := 



In this way we can write 

a{x' , w') 

Let us define 



(l+t2)^ 

u{x' — w') — u(x') 



dt. 



(59) 



Then we have 



£/ (x' , w') := a{x' , w') — a{x' , —w'). 
Mx')= [ U{x',n.')^}^Crin.')dn.'. 



To prove the desired Holder condition of the function Ar{x'), we first note that 
U{x' ,w') = I \y u{x ) — \I u[x — tw' )\dt ■ w . 



Let r be such that 2r ^ R. Using that u G C^^^{B'^~^) we get 

\U{x',w')-U{y',w')\f::C TmYY{\x' -y'f\w'l\w'f+^}, for y e B^-'^ (60) 

and 

\U{x',w')\^C\w'f+\ (61) 
Therefore, from ([60]) and (|6T|) it follows that, for any y e B"^^, 

^ ([/(a;', u;')=^(x', ^«') - U{y', w'W{y', w')) dw' 



\Ar{x')^Ar{y')\ = 

+ c 



dn{|x' - i-'i, \^r'''}^-^^^Cr{w') dw' 

,^^+, \j^{x',w')^^{y',w')\ ^ ^ , 

" I Uj\^s <riw ) dw 



= : /i(a:',y')+^2(x',2/')- 
To estimate the last two integrals we define 



(62) 



Jo \ \U!'\J 



With this notation 

£/{x' ,w') — £^^{x , w') — S^^{x , —w'). 

By (159]) and (|6T1) , since \p' {t)\ < C and p is even, it follows that 



|^,(x',u;')l 



JO dX \ 

\\UixW)\ 



u{x' — w') — u{x') 



+ {X~l)tVu{x')-^\ 
\w'\) 



(63) 



dXdt 



^ ,A U{x',w') „ , 



w 



dX dt 



s; c\w'f 



(64) 
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for all \w'\ < r. 

Estimating £/^{x' , ~w') in the same way, by (|63| and (|64| . we get, for any 
/3 > s/2, 

^ cf min{\x' -y'f\w'\,\w'f+^}\w'f-''-%r{w')dw' 



/3-s-l 



x'-y'\ 



t 



On the other hand, to estimate I2 we note that 

\£/ix',w')- £/iy',w')\ sC \£/4x',w')-£/4y',w')\ 

+ \£/*iy',-w') - £/4x',-w')\ 

Hence, arguing as in (|64|) we have 

{x',w')-J^.{y',w')\ 

U{x\w') 



dt 



(65) 



(66) 



p'lXt- 



-p'ixt 



+ {X-l)tVu{x')-j— 



U{y',w') 



^ ^ \U{x\w')-U{y',w') \ 



I2six',y')+l2,2{^',y'). 



p — r~n — + iHVu y • -p-r 



dX dt 



dXdt 
(67) 



We bound each of these integrals separately. First, since \p'{t)\ ^ C, it follows 
immediately from (j60p that 



l2A^\y')^Cmm{\x' -y'f,\w'f} 



(68) 



On the other hand, by ([SI]), and the fact that u e C^''^{B'^ ^) and p' is 

Lipschitz, we get 



hA^'^y') ^ c\w 



,,gf \U{x',w')-Uiy',w')\ 



w' 



+ \Vu{x') - Vu{y')\ 

^ C|u;'|''(min{|a;' - y'f, \w'f} + \x' - y'f 
C\w'f\x'-y'f. 



(69) 



Then, assuming without loss of generality r ^ 1 (so that also \x' — y'\ ^ 1), by (|67)) . 
(IMl), and ([69]) it follows that 

\^4x',w')~s/4y',w')\ ^ c(^mm{\x'-y'f,\w'f} + \w'f\x'-y'f^ 

^ Cmin{|a;'-y'|^,|u;'|'^}. (70) 
As |^*(?/', —w') ~ ^4(2;', ~w')\ is bounded in the same way, by (j66| . we have 
\£^ix',w') ~ £^{y\ w')\ ^ Cmin{|x' - y'f, \w'f}. 
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By arguing as in ((65|). we get that, for any s/2 < /3 < s, 

sc: Clx'-y'^-. (71) 
Finally, by ^ and ([711), we conclude that 

\Ar{x') - Ar{y')\ ^C\x'^ yf^-\ y' € B^K 

as desired. 
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